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To study the vibration problem of an elliptic membrane with fixed boundary centered at the 
origin of the xy-system of coordinates and with foci on the x-axis it is convenient to introduce 
elliptic coordinates q, 1. -co < 7 < co, 0 Q w < n by x + iy = cosh(t] + iyl): x = cash r] cos w. 
y  = sinh r] sin I. The region R = (0 < v < II, -1 < t] < 1) is in one-to-one correspondence 
with a dense region inside the ellipse of semiaxis cash 1, sinh 1, whose contour is defined by 
n = f  I. There the wave equation U,, = d,, U becomes U,, = (cash’ q - cosr w)-’ d,, U. 
Besides the image of l? is exactly the whole membrane. Assume U = T(t) H(q) ‘Y(v). The 
condition H(k 1) = 0 reflects the fact that the membrane is rigidly fastened along the edge. 
After separation of variables one obtains a biparametric boundary value problem: 
H”-(u+Icosh2q)H=0, H(-l)=H(+l)=O, 
YY”+(u+~cos2~)Y=o, Y’(O) = Y’(n) = 0 
(1) 
or Y(0) = Y(7c) = 0. 
The substitution q = iyl transforms the first equation into the second one which is the so called 
Mathieu’s differential equation introduced by E. L. Mathieu in a discussion of the vibration of 
an elliptic membrane (cf. [ 11). The spectral parameters 1,~ are essentially coupled, a case that 
does not occur in a rectrangular membrane or even in a circular membrane. 
D. Hilbert in Chapter XXI of his famous “Grundziige. . .” [2], considered the following 
problem of parametric coupling. Assume y  = y(x), n = q(r), x E I = [x,, x,], 5 E J= [e,, <,I, 
a, b and p functions of x, a,/3, n functions of <, p > 0, a > 0, (x > 0, n > 0 and 
A=ab-a/?>O: 
(PY’)’ + @a +pb)y=O, 
(w’)’ - @a + P/q II = 0, 
Y(XJ = YW = 09 
?(<A = tl(C) = 0. 
(2) 
Hilbert applies his results to Lame’s equation obtaining a corollary related to Klein’s 
oscillation theorem 12, p. 267; 3, pp. 248-2511, but what is important here is that he proves 
that there exists an infinite number of pairs of values 1, p for which the differential equations 
have simultaneous eigenfunctions yi(x), n,(c) an such that the system {n,(r). y,(x)} is closed d 
in L*(1 x J, A . dx). 
(1) and (2) suggest the study of the spectral theory of systems of the form 
AJi+(,~tAjsij)fl=o~ i = 1, 2 ,..., n, (3) 
where S,, is Hermitian and A, a selfadjoint operator both with domains and ranges in a 
Hilbert space H,. 
In the monograph under review it is shown that elements in 0: H, are expandable in series 
of eigenfunctions of (3) with respect to a certain metric associated with the system. If one 
remembers Hilbert’s result and observes that L*(I,p,) 0 L2(J,pu,) = L2(1 X J, pi X .~r) then it 
becomes clear that the subject will find a frame in the theory of tensor products of Hilbert 
spaces. 
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Let us now consider the boundary problem on 0 < x Q 1: 
(PX)‘-QX+dpX=O, X(0)=X(1)=0, (4) 
P and Q continuous functions and P(x) > 0. Assume that 0 is not in the spectrum, and for the 
moment that p > 0. Cdl G(X, Y) = I: (PX’Y’ + QXY) dx, H(X, Y) = (: XYp . dx, G(X) = 
G(X, X), H(X) = H(X, X). The eigenfunctions can be normalized in such a way that G(X,) = 
IH(X,) = 1. For 1 # c they satisfy G(X, , X,,) = H(X, , X,,) = 0. 
I f  we consider the problem of finding an extremum of the functional G(X) with subsidiary 
condition H(X) = 1 then the function for which the extremum is achieved satisfies the 
Lagrange-Euler equation for the functional G(X) -AH(X), that coincides with Eq. (4) (cf. [4, 
Section 22). But it also coincides with the Lagrange-Euler equation for the functional H - pG, 
fi = 1-l. I f  instead of p > 0 we had G(X, I’) positive definite this could play the role of H in 
the preceding case and H(X, I’) that of G with the same Lagrange-Euler equation (4). The 
case p > 0 is called the “right definite case” and that with G positive definite the “left definite 
case,” and what has been said suggests the possibility that the eigenfunction expansions 
converge either in the H or the G-metric. 
Chapter 4 of the monograph under review studies right definite systems (3) and Chapter 5 
deals with the corresponding left definite cases. Chapter 1 contains a brief introduction and a 
motivation to the subject, and Chapter 2 gives a short account of Hilbert tensor products and 
other ideas that are required later. Chapter 3 is devoted to the multiparameter spectral theory 
for bounded and compact operators and is based on the solvability of certain systems of linear 
operator equations. Chapters 1 to 5 take up 70% of the book. 
Chapter 6 deals, as the author says, “with a certain abstract relation arising in 
multiparameter spectral theory and is analogous to the integral equations and relations well 
known in the study of boundary value problems for ordinary differential equations.” 
Chapter 7 is devoted to systems of matrices of operators of the form A,x, = A B,x,, 
k = 1, 2,..., n, A an n x n diagonal matrix; A,, B, II x n matrices of operators. These systems 
are called “completely coupled” since the coupling is also effected through the unknowns. The 
particular completely coupled systems considered in this chapter are reducible to those 
already studied which are now referred to as “weakly coupled.” 
Chapter 8 deals with a generalization of the two point boundary value problem: 
- $ + q(x) y -la(x) y - ?b(x) y = 0, O<x<l, Yw=Y(l)=o (5) 
and the quadratic bundles under consideration are reformulated in terms of multiparametric 
systems. Chapter 9 is entitled “Open Problems.” Chapters 3 to 8 are based on papers of B. D. 
Sleeman and on joint papers of the author with A. KIllstrom or G. F. Roach except for 
Chapter 4 which is based on a work due to P. J. Browne. The main general reference 
throughout the monograph is the excellent book of Atkinson (51 which is quoted in many 
places. 
The author has accomplished the aim of the series in which the monograph appears, that is 
“ . . . to disseminate important new material of a specialist nature. . . and to be a rapid means 
of publication for current material whose style of exposition is that of a developing subject.” 
This monograph written by one of the active researchers in the field will surely be of help to 
those interested in this branch of spectral theory or in its applications to ordinary differential 
equations. However I believe that soon will be felt the need for a carefully written, self- 
contained book on the subject with many examples and exercises and above all important 
applications discussed in detail. 
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